The Einstein-Aether (EA) theory belongs to a class of modified gravity theories characterized by the introduction of a time-like unit vector field, called aether. In this scenario, a preferred frame arises as a natural consequence of a broken Lorentz invariance. In the present work we have analyzed some possible solutions allowed by the theory. Considering a Friedmann-Lemaître-Robertson-Walker (FLRW) metric, we obtain exact solutions for two particular cases: (i) a fluid with constant energy density and (ii) a fluid with a null energy density. The solutions admit an expanding or contracting system, depending on the value of the parameters involved in the model. A bounce, a singular, a constant and an accelerated expansion solutions were also obtained, exhibiting the richness of the EA theory from the dynamic point of view of a collapsing system or of a cosmological model. The analysis of energy condition, shows that the presence of aether contributes significantly for the accelerated expansion of the system for the case in which the energy density is constant. On the other hand, for the vacuum case, the energy conditions are all satisfied. The vacuum solutions corresponds to a non-acelerated expansion system in the context of General Relativity (GR) theory.
Introduction
A generally covariant theory in which local Lorentz Invariance (LI) is broken by a dynamical unit timelike vector field u a often referred to as aether was newly introduced in 2001 to study the preferred frame effects in gravitation and cosmology [1] . The presence of a preferred frame defined by the timelike unit vector field or aether field breaks LI, which makes Einstein-aether (EA) theory a low energy effective theory. In fact, the action of EA theory is the most general generally covariant functional of the spacetime metric g ab and aether field u a involving no more than two derivatives. The parameters of theory have been severely constrained using many observational/experimental tests such as the primordial nucleosynthesis [18] , ultra-high energy cosmic rays [2] , the solar system tests [3, 4] , binary pulsars [5, 6] , and more recently gravitational waves [7, 8] . These results confirm that there exists a family of EA theories with 'small-enough' couplings that passes all current observational tests [9] . There is an extensive literature about the EA field equation solutions [10] - [17] .
In a recent paper, Carroll and Lim [18] presented the field equations for the EA theory considering the Lorentz-violating timelike vector field with fixed norm. They used the metric of LFRW since they were interested in cosmological solutions. Note that in this choice there is an implicit hypothesis that AE theory, when combined with the LFRW metric, would generate cosmological solutions as in GR, although the solutions for the field equations have not been obtained. One of their conclusions is that the introduction of the vector field simply changes the Newtonian coupling constant value and contributes to the decrease in the rate of expansion of the system.
In this work, motivated by Carroll and Lim, we seek to obtain exact solutions for the field equations presented by them, but using the same formalism proposed by Garfinkle et al. [19] . Our purpose is to investigate the physical and geometric properties of the solutions obtained to better identify the possible differences between the two theories, AE and GR.
The paper is organized as follows. The Section 2 presents the EA field equations. The Section 3, describes the possibles solutions of the field equations. In Section 4, the dynamics of these solutions are analyzed while in the Section 5, are analyzed the energy condition. Finally, Section 6, presents our conclusions.
Field Equations in the EA theory
The general action of the EA theory, in a background where the metric signature is (−+++) and the units are chosen so that the speed of light defined by the metric g ab is unity, is given by
where, the first term is the usual Einstein lagrangian, defined by R, the Ricci scalar, and G N , the newtonian gravitational constant, as
The second term, the aether lagrangian is given by
where the tensor K ab mn is defined as
being the c i dimensionless coupling constants, and λ a Lagrange multiplier enforcing the unit timelike constraint on the aether, and
Finally, the last term, L matter is the matter Lagrangian, which depends on the metric tensor and the matter field.
In the weak-field, slow-motion limit EA theory reduces to Newtonian gravity with a value of Newton's constant G N related to the parameter G in the action (1) by,
Note that if c 1 = −c 4 the EA coupling constant G becomes the Newtonian coupling constant G N , without imposing c 1 = c 4 = 0.
The field equations are obtained by extremizing the action with respect to independent variables of the system. The variation with respect to the Lagrange multiplier λ imposes the condition that u a is a unit timelike vector, thus
while the variation of the action with respect u a , leads to [19] 
where,
and
The variation of the action with respect to the metric g mn gives the dynamical equations,
where
Sticking to the convention, we have considered aether on the matter-side of the field equations. It might as well be on the geometry-side as the manifold itself is now endowed with a vector field which is reflected in the fact that coupling constant of the EA theory is different from that of GR. So, it is unfortunate if one gets an impression that EA theory is simply GR coupled to vector field because of equation (12) .
The lagrangian of GR theory is recovered, if and only if, the coupling constants are both identically null, e.g., c 1 = c 2 = c 3 = c 4 = 0, in the equation (4) .
Aiming to know what kind of solutions the Einstein-Aether theory admits, in a spaces of constant curvature, we will assume a FLRW metric
where, a(t) is the scale factor, k is a constant representing the Gaussian curvature of the space at a given time, it can be 0, > 1 or < 1. Albeit outside the framework of GR theory, the choice of a FLRW metric is natural, since it provides the basis for most problems in cosmology and can also be useful in studies of gravitational collapse (since the Oppenheimer-Snyder's landmark work [28] ).
In accordance with equation (7), the aether field is assumed unitary, timelike and constant, chosen as
Assuming (13), we compute the different terms in the field equations equation (12) . Firstly, the usual geometric part of GR is represented by,
The contribution of the aether field to the stress-energy tensor is represented by,
Here, the constant β is defined as
We notice that the field equations do not depend on the parameter c 4 . This result comes naturally without imposing any restriction or any parameter redefinition made by previous authors [18] [25] . We call attention to the fact that if β = 0 the field equations be reduced to Einstein's field equations since the EA terms of the field equations are nulled. However, note that if c 2 = −(c 1 +c 3 )/2, β = 0, but this condition is not sufficient to recover completely the GR theory, as can be seen from equations (4) and (6) . In order to reduce the EA theory to GR theory it is required a more restrictive condition, that is, c 1 = c 2 = c 3 = c 4 = 0.
It can be prove, by equations (15)- (22), that we can not have an anisotropic pressure fluid, corroborating the representation of matter as a perfect fluid
where v a is a four-velocity of the matter fluid. For sake of simplicity, we will consider v In addition, it is important to require that the divergence of the energy-momentum tensor be zero, implying in the following equation of continuitẏ
In order to identify eventual singularities in the solutions, is very useful to calculate the Kretschmann scalar invariant K. For the metric (13), it is given by
where a(t) will be the solutions of (15)- (22) and (24).
Solutions of AE field equations
In this section, we present and analyze solutions of field equations (15)- (22) for following particular cases of (24) 3.1. Constant energy density
For an isotropic and homogeneous fluid of pressure p and constant density ρ = ρ 0 , we obtain two set of the exact solutions, the first one, forȧ(t) = 0 and the second one, foṙ a(t) = 0.
(i)ȧ(t) = 0
where α = ±1 and
with β + 2 > 0 in order to have w real and not divergent. Imposing the equation of state (24) on each one of the solutions (27)- (29), we find that p = −ρ for all of them, with the restriction k = −1, for (27) , and k = 1, for (29) . The existence of the singularity in the solutions (27)- (29) was verified by the computation of Kretschmann scalar for each one of them. We found that a unique divergent solution is given by equation (27) , k = −1, and the Kretschmann scalar is 
and it is singular at the time
(ii)ȧ(t) = 0: a singular static solution In this point, it is important to emphasize that, the set of solutions presented above is obtained forȧ = 0. However, we observed that ifȧ = 0 in the tt component given by the pairs (15) and (19) , an additional solution is found
violating the uniqueness of solution in the domain. Solution of this kind are known as singular solution. For this case, the positivity of curvature k is required by
For the static solution (33) we get
Vacuum solution
The combination of equations (15) and (22), jointly ρ 0 = 0, gives
where t 0 is a constant of integration, β > −2 and k < 0.
For the solution (35), using equation (25) we obtain
The equation (26) gives for this solution
Notice that the Kretschmann scalar is not null unless β = 0. Thus for β = 0 it presents a temporal singularity at t = 0, although we do not have any matter in the spacetime, representing a non-flat vacuum spacetime. This seems us important considering the lack of a general exterior vacuum solution in EA theory, even with a static aether field, up to now [26] .
Dynamical analysis of the field equations
In this section we will study the dynamics of the found solutions in two different modes.
There are two ways to analyze the dynamics: (i) studying only the temporal evolution of the geometrical radius, equation (40), as done in works of gravitational collapse models ( Figure 2) ; (ii) or using directly the scale factor a(t) as done in cosmological model works (Figures 1, 3, 4 and 5) .
Thus, the dynamic of the solutions, obtained in Section 3, will be realized by the study of the time evolution of scale factor and its derivatives, represented by the Hubble expansion rate
the deceleration parameter, defined by
and the geometrical radius difined by
The parameters a(t), H(t) and q(t) are useful in the comparison of EA solutions with the LFRW solutions of GR, allowing us to make explicit the differences and similarities between the two theories.
Dynamic of the solution with constant energy density
The solutions for the scale factor (27) - (29), derived for the case in which ρ = ρ 0 , are shown in the Figure 1 , for k = −1, 0, 1, β = −1, 0, 1 and α = ±1. For the sake of simplicity, it was adopted that the constant factor in the parameter w, given in (30), assumes an unit value, i.e., 4 πGρ 0 3 = 1, in all the figures. Alternatively, it can be represented in terms of geometric radius R ge = r|a(t)| as show the Figure 2 , where the negative part of scale factor is suppressed by the calculation of its absolute value. In this figure we can see clearly that the the system with k = −1 collapses to a singularity at the time t sing , given by the equation (32), and after expands. For k = 0 the system always expands (α = −1) or contracts (α = 1). However, for k = 1 the system contracts to a minimum radii and after expands, clearly showing a bouncing effect as in some gravitational collapse models [29] . If we try to analyze the same bouncing effect in a cosmological model using the scale factor instead the geometrical radius, we must calculate the Hubble expansion rate H and the quantity H 2 − dH/dt (see Figures 3 and 4) . The Hubble expansion rate, defined in (38), is shown for each one of the solutions in Figure 3 .
Through the figures, it is possible to notice that the β variation introduces a small variation in the scale factor and consequently in the other associated parameters. For this reason, in our analysis, we are taking account only the variation of k and α, that produce more expressive variations in the results.
• k=-1
This case presents a singular point in t sing = − ln(6 + 3β) √ β + 2/(2α), as show Figure 2 and it correspond to the inflection point exhibited in Figure (1) . The value of singular point increases with the β value. The Figure 3 , shows a divergence in the expansion rate in t sing = − ln(6 + 3β) √ β + 2/(2α). Its divergence coincides with (32), where the Kretschmann is singular. The signal of α, parameter present in the exponential factor in the solutions, only acts to mirror the curves around t = 0. This divergence is due to the fact that the expansion factor becomes negative at a certain time. In most of cosmological models this does not occur because it is always assume that a(t) > 0 for t > 0.
• k=0
According to (28) , the scale factor increases or decreases exponentially, for α = −1 or to α = +1, respectively. This result is particularly interesting, since it resembles a de Sitter solution in GR, where, for each value of β, the constant parameter w, plays the role of a cosmological constant. In addition, it is important to make it clear that, while in GR, the exponential increase or decrease of the scale factor is driven by the value of the curvature constant k, giving rise to a de Sitter or anti de Sitter solution, here, in the case of a flat system, this role is performed by the sign of the α parameter.
• k=1
The existence of a bounce is confirmed by the change of signal in H(t), Figure 3 . Another important characteristic is the signal of the quantity (H 2 − dH/dt), what is given by ρ + p. During the bounce, it values becomes negative as show Figure  4 .
In respect to the acceleration, since (39) is defined to be negative, reason by what is named deceleration parameter. Then, q(t) < 0 correspond to an accelerated expansion while q(t) > 0, corresponds to the opposite case, an decelerated expansion.
According to the solutions (27) - (29), the system is always accelerated, as can be see in Figure 5 . Independently of the k value, all the solutions converge asymptotically to −1 in t = ±∞. The minimum acceleration occurs for k = −1 and t ∼ t sing , exactly at point where the scale factor change of signal, while for k = 1 the acceleration reaches the maximum divergent value +∞, when the scale factor is zero, as show the Figure 1 .
For the singular solution (33), since ρ 0 is a constant, its does not evolve in time.
Dynamic of vacuum solution
The vacuum solution given by equations (35) has its validity established within the parametric space where β = −2 and k = 1. For the particular case k = 0, the solution is static, while, for k = 0, a(t) is linear and symmetric in time. According to (38), the system expands in a constant rate.
Analysis Energy Conditions
In this Section, we show an interpretation of the effective aether field contribution in terms of GR. Let us now consider T 
and calculate the energy conditions as in GR. In order to simplify our analysis, hereinafter, we will assume that GR coupling constant 8πG N = 1, for the sake of simplicity. The energy condition for ρ 0 > 0 must be fulfilled [24] . Assuming the energy-momentum tensor for the aether field as an isotropic fluid with an energy density ρ e , pressure p e , given by
where w a = δ a t is a unit timelike vector representing the fluid velocity. We are also assuming a comoving reference. Thus,
Using the equations (43) and (44) we get an equation of state giving by
From now on we will focus only on the contribution of the term from the aether. Our purpose is to find out what kind of fluid in GR theory would play a role analogous to it. Then, looking only at the term arising from the aether at the effective energymomentum tensor, we have
T aether rr
Note that, in the case of perfect fluid considered here, all the aether terms depend on the energy density of the matter, ρ 0 , as can be seen in (30). Bellow we will look at each solution separately, following the same classification used in section 3.
Constant energy density
For solutions (27) - (29), equations (48)-(50) furnish, for k = −1
for k = 0,
for k = 1,
Then we have for the energy conditions, for k = −1
For k = 1
Note that we must choose β ≤ 0 in order to ensure a non-negative energy density, since β ≥ −2, that is, the parameter β should be restricted to the interval −2 < β ≤ 0. Let us analyze the results for each of the values chosen for k.
In the case k = −1 it is easy to see that the energy conditions are satisfied except the latter, which means that the aether plays a role equivalent to a dark energy fluid in the GR theory [23] .
In a similar but not identical way, for k = 0, we have only the last energy condition violated and we can interpret the aether's component as a dark energy fluid playing an analogous role placed by the positive cosmological constant in GR theory, since p aether = −ρ aether , with ρ aether = constant, as can be seen above.
On the other hand, for k = 1, in addition to the last energy condition, the former is also violated, implying that aether behaves equivalently to an phanton fluid in the GR theory [23] . Accordingly, we can concludes that, for the model described here, the aether's component reinforces the accelerated behavior of the fluid.
(ii)ȧ(t) = 0 In this case it is easy to see from (48)-(51) that
Thus, as in the cases for k = ±1 in the previous subsection, for the static case the aether's component plays none contribution and the solution is solely due to the matter.
Vacuum solution
Here again we must have β ≤ 0 in order to ensure a non-negative energy density. In addition with the condition β > −2, this solution is restricted to the interval −2 < β ≤ 0. The energy conditions are given by
Therefore, all the energy conditions are satisfied for the aether's component for the solution corresponding the vacuum for the matter and besides that ρ aether and p aether decreases over time. In the context of the GR theory it could be interpreted as a non-acelerated expansion cosmological solution.
Conclusions
In the present work we have analyzed the possible solutions allowed by the theory of EA which breaks the Lorentz invariance. Considering a Friedmann-Lemaître-RobertsonWalker (FLRW) metric, we have obtained exact solutions for two particular cases: (i) a fluid with constant energy density and (ii) a fluid with a null energy density. The solutions admit an expanding or contracting system, depending on the value of the parameters involved in the model. A bounce, a singular, a constant and an accelerated expansion solutions were also obtained of a possible collapsing system or of a cosmological model. The Kretschmann scalar has singularities at t sing = − . Meaning that this is unique cosmological model presented here with a Big Bang event in the its evolution.
In the particular case of null density energy, we have obtained a vacuum solution for the spacetime, for which the Kretschmann scalar is not null but singular at the initial time, unless β = 0.
The analysis of energy condition, shows that the presence of aether contributes significantly for the accelerated expansion of the system for the case in which of constant energy density. On the other hand, for the vacuum case, the energy conditions are all satisfied. The vacuum solutions corresponds to a non-acelerated expansion cosmological model in the context of General Relativity (GR) theory. 
